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PEXFOKMAl'JCE OF %E CROSS-PRODUCT S m R I N G  LAW 
FOR THE TRANSEARTH INJECTION PHASE 
BY Thomas F. Gibson, Jr. and D. E. Stveele 
Command module and se rv ice  module (CSM) performance i s  e v d l m t e d  
x f~ ) f o r  the  t r a n s e a r t h  t r a n s f e r  using t h e  proposed s t e e r i n g  l a w  
betveen a c i r c u l a r  lunar o r b i t  and several V vectors .  The s?;udy in -  
d i c a t e s  t h a t  the performance of t h d  a teer i rg  l a w  is v i r tua l ly  optimum 
when t h e  engine i g n i t i o n  occurs a t  t h e  r i g h t  posi t ior i  i n  t h e  parking 
o r b i t .  me s tudy  shows that a veiy eoci > o s i t i o n  f o r  engine i g n i t i o n  
prece3es by 3.50" the  pos i t i on  i n  lunar o rb i t  whlch minimizes the  i m -  
pulsiv,? t r a n s e a r t h  v e l o c i t y  increment. Using t h i s  empir ica l  i g n i t i o n  
poin t ,  the  pena l ty  i n  c h a r a c t e r i s t i c  v e l o c i t y  i s  less thzn  3 f t / s ec .  
I n  addi t ion ,  the s tudy shows t h a t  a ga in  constant  may be chosen such 
t h a t  the  t h r u s t  vec to r  remains nea r ly  f ixed  i n e r t i a l l y  durlng the  e n t i r e  




(43 xlig) The CSM i s  t o  be steer2d by the  cross-product equat ions 
when t r a n s f e r r i n g  from the lunar parking o r b i t  50 the t r a n s e a r t h  tra- 
j ec to ry .  Cut-off occws when the CSM has acquired a hynFrbolic tra- 
j e c t x y  which ir, 8 two-body sense w i l l  u l t ima te ly  attain a required 
v e l o c i t y  vector h k  i n f i n i t y  (1: ) . ?merS c L z l  studies have s h m n  that 
aimirg f o r  a V i s  almost the sane as aiming f o r  r e e n t r y  condi t ions 
a t  e a r t h .  This  means that yeent ry  e r r o r s  are not  h ighly  clepencent upon 
the  t h r u s t  i g n i t i o n  pojn t  o r  t h e  t h r u s t  cut-off pos i t i on  as long as the 
cut-off  condi t ions sat isfy the  17 vectrx. However: perforxsnci- i s  
deFendent upon the i g n i t i o n  point .  linless engine  i g n i t i o n  occurs a t  
t h e  r i g h t  pos i t ion ,  t h e  perfmmance w i l l  be impalrec'. This paper shcws 
how t o  always obta in  a "good" i g n i t i o n  poin t  based upon a n a l y t i c  ex- 
press ions  and an empir ical  constant .  




i%sszC)IlisettS I n s t i t u t e  ~ i '  'Ikchnology (MIT) (ref.  : )  has shown t h a t  
t h 2  cross-product s t e e r i n 2  ?quatioris may be altered by a ga in  constant 
S Q  that a near constant  t h r u s t  d i r e c t i o n  results during t h s  e n t i r e  burrl. 
,%is pa-per ccrroborates  t h i s  f o r  a considerable range of V 
acd a l s o  5ndicates  t h a t  t h e  performance penal ty  i s  small. 
vec tors  
-cb 
SYMBOLS 
ga in  constant i n  v x i. equat ions 
-3 -g 
acce le ra t ion  of e a r t h  gravity (32.2 f t / sec)  
svec i f i c  kpillse 2f 
usit ve:tDr a l m g  X 
uni t  vec tor  along Y 
unit vec tor  along Z 
CSM engine 
angle V makes with  o r b i t  plane 
'03 
CSM mass 
CSM posi t iorL vec to r  
magnitude of r 
ilSN t h r u s t  vec tor  
nagnitude of T 
time between i g n i t i o n  and cut-off 
- 
- 
t i m e  t o  cut-off 
v e l o c i t y  vec tor  a t  i n f i n i t y  
magnitude of v 
--m 
3 
V CSM veloc i ty  vector 
V magnitude of v 
V tb cha rac t e r i s t i c  ve loc i ty  associated with burn time C 
ve loc i ty  vector required a t  pos i t ion  r t o  a t t a i n  V 
-to - V -r 
V magnitude of v r -r 
CSM i n i t i a l  weight 
0 
W 
Y coordinate axes (defined i n  f i g .  1) 
Z I 
AV - impulsive ve loc i ty  increment vector  
Av magziitude of Av - 
l a r g e s t  angle that  the  t h r u s t  d i r ec t ion  during burn makes 
with the  i n i t i a l  t h r u s t  d i r e c t i o n  
CL grav i t a t iona l  parameter of moon 
n P i  
w ar_gle denoting t h r u s t  h i t i a t i o n  pos i t icn  i n  o r b i t  
ogtimum posi t ion fo r  engine i g n i t i o n  f o r  impulsive transfer 
optimum posi t ion for  engine ign i t i on  for 
%pt i 
woptt x ir t h r u s t  t r a n s f e r  G - 8 -  




The CSM i s  considered t o  3e i n  a c i r c u l a r  o r b i t  about t h e  moon. 
The coordinate system used t o  def ine i t s  s ta te  vec tor  is shown i n  
f igu re  1. This system has the  o r i g i n  a t  the  moon's cen ter  and t h e  
+Z a x i s  normal t o  the CSM o r b i t  plane, and i s  the d i r e c t i o n  of r x v. 
The +Y axis  is p a r a l l e l  t o  r x v X V and t h e  +X axis follows- 
from the r i g h t  hand r u l e .  I n  t h i s  system V alvays i s  i n  t h e  
X-Z plane aqd i s  defined by i t s  magnitude V and t h e  angle L it 
makes with the  o r b i t  plane. 
(- -) -m 
-a 
Q) 
1 v = v (cos ~i - + OJ + sin wc - -co m 
With t h e  CSM o r b i t  being c i r c u l a r ,  t he  pos i t i on  and v e l o c i t y  of t he  CSM 
i s  determined by t h e  angle W. 
) r = r cos w i  + s i n  WJ + ok -- ( -  
1 v = v(-sin & - + cos WJ + ok -- 
where 
1 
v = ($5 
Impulsive Transfer 
a t  pos i t i on  - r f o r  a hyperbolic (9 The v e l o c i t y  requi red  - .  
o r b i t  which u l t ima te ly  a t t a i n s  
i v a t i o n  of t h i s  equat ion may be found i n  reference 2. 
i s  given by equat icn  (4) .  The der- 
where 
5 
l2 * =  [ l + l + ( l + l  -S . l )  -r 4v 
The magnitude of v i s  given by equation (6). 
r 
v r =($+vm2)2 
( 5 )  
Note t h a t  v depends only on the magnitude of r. - r 
The impulsive ve loc i ty  increment Av - t o  be added t o  v - for t he  
t r a n s f e r  i s  simply: 
When V and r are specif ied,  Av - depends on w. Since vr 
and v are independent of W, Av i s  a function of the angle a 
between v and v . Hence, the minimum value of As w i l l  occur a t  the  
value of w which minimizes t h e  angle a. The angle a can be made 
'DD 
-r - 
0 when V l i es  i n  the CSM o r b i t  plane (L = 0). In  t h i s  case, w i s  
chosen f o r  a per icenter  t r a n s f e r  and v i s  tangent ia l .  For t h i s  
-to 
-r 
in-plane t r a n s f e r  t he  optimum point f o r  t r a n s f e r  (wopt,i) 
equation (8). 
is  given by 
where 
I n  the  more general  case where V does not l i e  i n  the  o r b i t  plane, 
-00 
(L # 0), a i s  always g rea t e r  than 0 ,  A closed form. expressed for w opti 
has not been found fo r  t h i s  case, hence wopti must be found numerically. 
3 always l ies  between n and 7t. It can be shown simply t h a t  w o p t  i 2 
w i l l  l i e  between +W and 3. 1 
was obtained by computing f ive  values of 
wopti  P 
Moreover, when ILI> w , 
Far t h i s  study w 
from f ive  values of w i n  the i n t e r v a l  containing 
order curve was f i t  t o  the dats ?.nd 
of t h e  curve f i t .  This method proved sat isr 'actory.  
P 
AV op t  i 
. A fourth wept i 
was selected on the basis W o p t i  
x ir Transfer % *  
The CSM w i l l  s t e e r  out of lunar  o r b i t  by $he v x ? scheme. 
- 7 3 %  
This scheme i s  derive2 and discussed i n  references 1 and 2. 
descr ipt ion i s  given here. The t h r u s t  vector  T i s  pointed throughoct 
A b r i e f  
' the  t r a j e c t o r y  s o  that it satisfies equation (9J. 
(ck - %) x v = 0 
-g 
where 
= v  - v  % -r - 
V 
Equation (9) e s s c n t i a l l y  says t h a t  t he  thrus t  vector i s  a l ined  s o  
t h a t  t he  difference between the t o t a l  CSM acce lera t ion  ( th rus t  and 
gravi ty)  and the  rate of change cf the  required ve loc i ty  i s  p a r a l l e l  t o  
the ve loc i ty  e r ro r .  
7 
Equation (9) becomes ImGetzrminable as v tends  t o  0, h e w e  
cut-off must be handled with care.  The cut-off  scheme used f o r  t h e  s tudy 
has the time-to-go ca lcu la ted  a t  t h e  beginning of each i n t e g r a t i o n  s t e p  
by equat ion (10). 
7 2  
t ogo t 
When time-to-go i s  less than 1 .5  seconds, t h e  t h r u s t  d i r e c t i o n  i s  f rozen  
t o  the  value used f o r  previous i n t e g r a t i o n  s tcs  E:A? me s t e p  of s i z e  
time-to-gg i s  taken. The cut-off  e r r o r   US:?^ t k e  scheme has always been 
leas  thalA 3. I f t / s e c .  
The Y x ir schene has a s i n g u l a r i t y  when r - is  180" away from 
-g -3 
Fortunately,  the  optimum o r  near-optimum t h r u s t  phases do not  i n -  - V . 




The v Y ir s t e e r i n g  l a w  w i l l  guide the  CSM towards the des i r ed  
- 7 3  
V 
e t t a i n  the  proper zut-off condi.tions whenever it has epough f u e l .  
S t a r t i n g  t h e  t h r u s t i n g  phases a t  d i f f e r e n t  pos i t i ons  i n  the o r b i t  re- 
sults i n  d i f f e r e n t  f u e l  consumptions. 
sirable t o  have engine i g n i t i o n  a+t a pos i t i on  which minimizes t h e  fueL 
consumption. The performance of the  v x G steering l a w  i s  evaluated 
by cDmparing i t s  c h a r a c t e r i s t i c  v e l o c i t y  wi th  that v e l o c i t y  increment of 
the  impulsive t r a n s f e r .  
sumptions. Tne c h a r a c t e r i s t i c  v e l o c i t y  vc a s soc ia t ed  wi th  t h i s  steer- 
from any t h r u s t  i n i t i a t i o n  pos i t i on  i n  the  luna r  o r b i t .  It w i l l  
-b3 
Fbr lunar missions,  it i s  de- 
- 7 3  
This i s  the same as co;,,paring t h e i r  f u e l  con- 
i n g  l aw,  or 
t i m e  (tb). 
l a w ,  depends only upon the CSM parmne ters and the burn 
v = i pa l og  
C SP 
r 1 -i 
e 
Impulsive and v x fr brarisfers a re  rnade from various positrons 
(different  values of W) i n  the lunar o rb i t .  Parabolic shaped curves 
r e s l l t  when v and Av are plo t ted  aga ins t  W. The minimum value 
f o r  the impuls've curve represents  a c h a r a c t e r i s t i c  value unattainable 
by any f i n i t e  th rus t ing  scheme. Therefore, the  difference between the  
- g - g  
C 
v f r  cha rac t e r i s t i c  ve loc i ty  and the impulsive minimum i s  ind ica t ive  k - g  
of i ts  performance. 
RESULTS 
The t ransear th  t r a n s f e r s  are made ?ram a c i r c u l a r  o r b i t  with a 
radius of 6 OOO 000 f t .  
l i m i t  f o r  the CSM o r b i t  a l t i t u d e ,  hence it was chosen because the  g rav i ty  
losses would be the largest. me t r a n s f e r s  are made from the  o r b i t  t o  
V magnitudes of 2000, 3000, and 4000 f t / sec .  The V vectws make 
angles of Oo, loo ,  arid 20" with the  o r b i t  ulane. me combination of 
these V angles and magnitudes span t h e  set of V vectors  f o r  t he  
Apollo a i ss ion .  A V magnitude of 2000 f t / s ec  is  s l i g h t l y  lower than 
the va lue  needed f o r  the  minimum energy t r ansea r th  t r a j e c t o r y  ( f l i g h t  
time 120 hr) while a V mgnitude of 4000 f't/sec exceeds the  value 
aeeded f o r  the high energy re turn  ( f l i g h t  time 60 hr ) .  The gCane 
change angle of 20" requires  a ve loc i ty  increment which exceeds the 
Sudget f o r  the CSM. 






The impulsive and v x i. t r a n s f e r  ve loc i ty  requirements a z z  pre- 
% - @ ;  
sented i n  f igure  2 as f u n c t i m  of engine i g n i t i o n  pos i t ion  
so l id  curves denote t h e  v x G performance when engine i g n i t i o n  
occurs a t  W, 
W. 
which have a constant magnitude of 2000 f't/sec. 
b o t t  the  impulsive and cross-product ve loc i ty  requirements have s imi la r  
parabolir  shapes which have nearly the  sane minimum values. 
that the v x ? l a w  i s  verj near optimum. Huwever, the minbum 
values occur a t  d i f f e r e n t  i gn i t i on  pcints.  The curves connecting t h e  
minimum points f o r  the  Cwo modes are separated by a constant mlue of 
3" i n  the d l r e c t i m  of W. 
c m s  are "flat" i n  the  region of the minimum. 
graphs is the  l o c i  of per icenter  
((u). The 
7 3 %  
vh i l e  t he  dotted curve denoted the  impulsive transfer at 
Figure 2(a )  shows the performance f o r  t r a n s f e r s  t o  three vectors,  
The figure shows t h a t  
!Ibis verifies 
- Q %  
The figures a l so  show that --he velocity 
Also plo t ted  on t h e  
impulsive transfers. Note that 
('"PI 
9 
t h e  pos i t i on  i s  co t  near  t he  minimum position fo r  large plane change. 
Figures 2(b)  and 2 ( c )  convey t h e  same t rends  f o r  
3000 and 4000 f-l/sec magnitude. 
t he  l o c i  of optimum i g n i t i c n  poin ts  increases  t o  3.5" f o r  the 3000 f t / s e c  
V and 4" f o r  t he  4020 f t j s e c  
era1 degrees of i g n i t i o n  pcs i t ion ,  a very good i g n i t i o n  pos i t i on  may be 
obtained by i n i t i a t i n g  t h r u s t  3.5" ahead of the op5imm impuls ive  posi-  
t i on .  U s i n g  t h i s  i g n i t i o n  point ,  the  perfmnance penal ty  is less t5an 
3 f t / sec .  
V vectors  with 
m 
However ,  t h e  average d i f fe rence  between 
Since the  curves are f la t  over sev- iV . 
0 al 
x i f  k-43 A l l  of the above results had t h e  ga in  constant  c i n  the 
equation set  equal t o  1.0. 
i n  c between 0 and l.C. Ehgine i g n i t i o n  occurs a t  the c = 1 optimum 
. Time h i s t o r i e s  of t h e  t h r u s t  d i r e c t i o n  from i g n i t i o n  pos i t i on  
t o  cut-off was computed f o r  t h e  t r a n s f e r s .  
t h e  i n i t i a l  thrust d i r e c t i o n  and any subsequent thrust d i r e c t i o n  was 
recorded. This largest angle is  denotec? 5y &. Thus the thrus t  vectm 
during the burn always lies wi th in  a cone of apex angle &, centered 
along the f n i t h l  t h rus t  d i r ec t ion .  
08 with c. The f'igure shows that ne can always be minimized t o  a 
small  angle for sma71 plane change angles. 
where V equals  2000 ft/sec and the  angle out of plane i s  20°, & 
may be kept  TI? b o .  
r e c t i m  ray be obtained f o r  any o l  the V 's. 
r e m  9.5 f o r  c minimizes A& 
Figares 3 and 4 give results f o r  v a r i a t i o n s  
(U'oPtt) 
The largest. angle between 
Figure 3 shows the v a r i a t i o n  of 
Even i n  the  worst  case 
Q) 
Figure 3 i nd ica t e s  that nearly cofistant thrust d i -  
I n  a l l  cases the t ~ p _ l * s  
-OD 
The performance penalty fo r  varying c is shown i n  figure 4. This 
fig- shars that the performance penal ty  for using a 
minimizes A$ t o  be always less than  5 f t / s ec .  
c value which 
T3e MIT v x % steering l a w  is  ve ry  n e a r l y  oitimum fcr t r a n s f e r s  
- 3 - 6 3  
t o  any Apollo V vec tors  when the  i g n i t i o n  is i n  t he  r i g h t  region. A 
ga in  constant can be found f o r  any t r a n s f e r s  which w i l i  minimize t h e  
thrilst vector d i r e c t i o n  v a r i a t i o n  t o  less than 4" during the  e n t i r e  burn 
with p r a c t i c a l l y  no performance loss. 
near 0.5. 
tne ezigixe 3.5" p r i o r  t o  th2  Trbi t  Tosi t ion f o r  optimum imp-dsive transfer. 
co 
The gain  constant value will be 
A near  optimum i g n i t i o n  pos i t i on  can be obtained by starting 
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Figure 3.- Maximum v a r i a t i o n  of t h r u s t  d i r e c t i o n  
(Ae) from i n i t i a l  t h r u s t  d i r e c t i o n  Zluring burn 
as a func t ion  of ga in  constant c. 
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figure 4. - Characteristic velocity vartation versus gain  constant c. 
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Figure 4.- Concluded 
